e e

T L ST

K del]

DI T4 10 L el oy -t

JUEEN | BN PRSP

N W o
W oA (5

AL

ey

g o

A

b g

Saa el L e (REL R ST L ‘w e daintipidd il id) ] “'m v 'RIM. Iﬂ“ﬂm

AT e

G L T ORI

MAQ 65554

DOC FiLE COPY:

Ly b L e . revn L e s M A T e

AFAPL-TR-78-6
Part Il

ROTOR-BEARING DYNAMICS
TECHNOLOGY DESIGN GUIDE
Part il Ball Bearings

SHAKER RESEARCH CORP.
BALLSTON LAKE, NEW YORK 12019

FEBRUARY 1978

TECHNICAL REPORT AFAPL-TR-78-6, Part 1
Interim Report for Period Aprii 1976 — October 1977

Approved for public release; distribtition unlimited.

AIR FORCE AERO PROPULSION LABORATORY

AIR FORCE WRIGHT AERONAUTICAL LABORATORIES :
AIR FORCE SYSTEMS COMMAND c
WRIGHT-PATTERSON AIR FORCE BASE, OHIO 45433

7“9 03 08 063




NOTICE

When Government drawings, specifications, or other data are used for any
purpose other than in connection with a definitely related Government pro-
curement operation, the United States Government thereby incurs no responsi-
bility nor any obligation whatsoever; and the fact that the Government may
have formulated, furnished, or in any way supplied the said drawings, speci-
fications, or other data, is not to be regarded by implication or otherwise
as in any manner licensing the holder or any other person nr corporatiom, or
conveying any rights or permission to manufacture, use, or sell any patented
invention that may in any way be related thereto.

This report has been reviewed by the Information Office (OI) and is releas- =
able to the National Technical Information Service (NTIS). At NTIS, it will : s
be available to the general public, including foreign natioms.

This technical report has been reviewed and is approved for publication.

b8 5oL 0 AL

JOHN B. SCHRAND - HOWARD F. JO
Project Engineer Chief, “ubrication Branch

o b

FOR THE COMMANDER

Bt e

BLACKWELL C. DUNNAM
Chief, Fuels and Lubrication Division

"If your address has changed, if you wish to be removed from our mailing list,
or if the addressee i1s no longer employed by your organization please notify
AFAPL/SFL, WPAFB, OH 45433 to help us maintain a current mailing list."

Copies of this report should not be returned unless return is required by

security considerations, contractual obligations, o~ notice on a specific
document,

AIR FORCE/36700/16 February 1979 — 210




Unclassified
SECURITY CLASSIFICATION OF THIS PAGE (When Dete Entered)
READ INSTRUCTIONS
DOCUMENTATION PAGE BEFORE COMPLETING FORM
2. GOVY ACCESSION NOJ 3 RECIPI 'S CATALOG NUMBER

Interim Kepart -

65 WP Roto;-pearing Dynamics Technology Design Guide
r—— P76 — Octobwr 1877

Part II g e

4
Ball Bearings . A //’:)
_ S 4,

— e

7 Y e s
A. B. /jones 7/ T o e
L{ J. M.}cGrew, Jr k—-‘“’ﬁ-——:ﬁ()ls Zé‘gﬁ,z.o}?..

9. PERFORMING ORGANIZATION NAME AND ADORESS 10. P:OGNQAMOIL!H NT. PROJECY, TASK

“

NUMBER(s)

Shaker Research Corporation // NIMBERS
Northway 10 Executive Park 6l 85
Ballston Lake, N. Y. 12019

11, CONTROLLING OFFICE NAME AND ADORESS Wﬂ?""" -
Air Force Aeroc Propulsion Laboratory/SFL /Y Februl!y 878
Alr Force Systems Command g
Wright Patterson AFB, Ohio 45433 101

14 MONITORmb AGENCY NAME & Aoonessm different irom Controlling Otfice! 18. SECURITY CLASS. (of thig report)

Unclassified

I / / /
18a. CECLASSIFICATION OOWNORADING
——— SCHEODULE

16. DISTRIGUTION STATEMENT (uf thie Report)

Approved for public reiease; distribution unlimited.

17 DISTRIBUTION STATEMENT (of the absiract enfered in Block 20, 1 dillerent irom Repart)

16 SUPPLEMENTARY NOTES

19. KEY WORNDS Continue on reverte picdo if neceasary snd identily by block number)

Ball Bearings Turbine Bearings
Ball Bearing Stiffness Rotordynamics

———— e e - —

Z? wSTﬂACY rContinu: on revetce alle I necyssary and identify by block number)
/
This report is an update of the original Part IV of the Rotor-bearing
Dynamics Design Technology Series, AFAPL-TR-65-45 (Parts I through X).
A computer program is given for preparation of bhall bearing stiffness
data input for rotordynamic responsc programs. The complete stiffness
matrix is calculated including centrifugal effects. Considerations
such as e¢lastohydrodvuainic and cagpe effects are not ino luded since thev ,/

have little influence on the calculation of ball bearlng stiffness. =~— ‘tii“ ﬁ‘/;;/

FORM
DD ,“Sa%, 1473 eoition of 1 NOV 68 15 OBSOLETE Unclassificd

SECURITY CLASSIFICATION OF Ti1S PAGE When Dars Fntere;, / 4
‘<

S S~

-




PAGES
~ ARE

- MISSING
~IN
ORIGINAL

DOCUMENT



—

Unclassified
}mmvv CLABSIFICATION OF THIS PAGE(When Dete Bntered)

o — e, — ——

-———— . —

o T - a—————

\/

The resulting program is reascnably small and easy to use. Lastly,
the stiffness data included in the original Part IV have been
updated and are included 1in appendices.

N

<

N

Unclassificed
SECURITY CLASSIFICATION OF TWIS PAGE(When Data Entered)

thi

d— b

b £ i s i R kit Al il i Lot mtatirad o b BEA AL i il i

TIPS T TN

RPN PR SE W P

— e ity . e

L 3 it o bR Ay . e o

== 1 = TRYFE I S R T A S T PR =5 PRy




FORWARD \

This report was prepared by Shaker Research Corporation under USAF
Contract No, AF33615-76-C-2038. The contract was initiated under Project
304B, '"Fuels, Lubrication, and Fire Protection', Task 304806, "Aerospace
Lubrication'", Work Unit 30480685, "Rotor-Bearing Dynamics Design''.

The work reported herein was performed during the period 15 April
1976 to 15 November 1977, under the direction of John B, Schrand (AFAPL/
SFL) .nd Dr. James F, Dill (AFAPL/SFL), Project Engineers. The report

was released by the authors in December 1977.




TABLE OF CONTENTS

Section Page
1 INTRODUCTION AND SUMMARY e e e e e e 1
11 ANALYSIS e meon 3
2.1 General Bearing Model and Coordinate System__________ 3
2.2 General Bearing Support Characteristies______________ 6
2.3 Ball Bearing Characterization______ ______ 9
2.4 Lload-Deflection Relationships_ _ ______ 13
2,5 Ball Bearings under Radial load________________ 13
2.6 Bearings under Thrust lLoad _______ 18
2.7 Ball Bearings under Combined Loading_____ N
IIT  AFPLICATION OF COMPUTER PROGRAM___ ________________ 36
3.1 Imput Format _________ o ____ e e 16
3.2 Output ¥oymat__ 3
v DESIGN DATA Lo
4.1 Radial Stiffness Versus Radial Load_____ 43
4.2 Axial Stiffness ‘ersus Thrust Load ____________ "3
4.3 Radial Stitfness Versus Radial Load with Preload_____ 43
APPENDIX A - Computer Program for Calculating the Stiffness
Matrix of a Ball Bearing_______________ 47
E APPENDIX B - Bearing Stiffness Design Charts - Pure Radial Load_ .
4 APPENDIX C - Bearing Stiffness Design Charts - Pure Thrust Load
: - 89
i APPENDIX D - Bearing Stiffness Design Charts - Angular Contact
Bearing with Preload - § = 25 5
..................... 5
APPENDIX E - Bearing Stiffness Design Cbargs - Angular Contact
Bearing with Preload - $ =15~ 89
REFERENCES
"""""""""""""""""""""""""""" )02

T AU PPN ATTINE A T TP GONCATIY RIS TN (OIS TP e




oy

Number

c-1
c-2
c-3
Cc-4
D-1

R S O ey

L1ST CF ILLUSTRATIONS

-

Ball Forces at High Speed Conditions

Ball Motlon Vectors_________________ . ___

- —— - - -

-————— - —— —— -

- - — -

———— - S — - — "~ - — " > Y T - ——

Load

———— o — —— — . ———— o —— — > o P T = —— - ———

- — — - e S " — = — "

Axial Stiffness Versus Axial Load, No Radial L

- —— o —— - —— -~

- ——

- — oy - - - - - —

- — - - - - -

- = - - -

-----------------
-----------------
-----------------
.................
.................
-----------------
-----------------
—————————————————

- ———— - ———— ————

———— - - - - — -

- —— - ———————

oad

- - - -

Axial Stiffness Versus Axial Load, No Radial Load

Axial Stiffness Versus Axial Load, No Radial L

oad

Axial Stiffness Versus Axial Load, No Radial Load

Radial Stiffness for Angular Contact Bearing,
Selected Light, B = 25°

- - — o — "

Radial Stiffness for Angular Contact Bearing,
Selected Light, 8 = 25¢

s - ¢

——— - - - — - —

- -




'

List of Illustrations (continued)

Number Title Page
D-3 Radial Stiffness for Angular Contact Bearing, Preload -- o .
Selected Light, $=25° " E
D-4 Radial Stiffness for Angular Contact Bearing, Preload -- b
Selected Light, B = 5° 59
D-5 Radial Stiffness for Angular “ontact Bearing, Preload --
Moderate, 8 - 25° - .. e 50
D=6 Radial Stiffness fog Anpular Contact Bearing, Preload --
Moderate, & - 257 __ 81
D-7 Radial Stiffness for Angular Contact Bearing, Preload --
Moderate, 8 - 25°_____ 32
D-8 Radial Stiffress fog Angular Contact Bearing, Preload --
Moderate, * - 25 33
D-9 Radial Stiffness for Angulgr Contact Bearing, Preload --
Preferred Heavy, 8 = 25°___ 82
D~10 Radial Stiffness fer Angulgr Contact Bearing, Preload --
Preferred Heavy, B = 25 33
.................................. 3
D~11 Radial Stiffness for Angular Contact Bearing, Preload --
Preferred Heavy, 3 = s 86
N-12 Radial Stiffness for Angular Contact Bearing, Preload --
Preferred Heavy, B = s 37
E-1 Radial Stiffness for Anguéar Contact Bearing, Preload --
Selected Light, g = 15°___ 0
E-2 Radial Stiftness for Angu%ar Contact Bearing, Preload -~
Selected Light, B = 15
"""""""""""""""""""""""""" 91
E-3 Radial Stiffness for Angu%ar Contact Bearing, Preload --
Selected Light, 8 =15 __ 92
E-4 Radial Stiffness for Angular Contact Bearing, Preload --
Selected Light, g =15°__ o3
E-5 Radial Stiffness fog Angular Contact Bearing, Preload --
Moderate, B = 15 __ __ 94
E-6 Radial Stiffness for Angular Contact Bearing, Preload --
Moderate, 8 = 15°____ 95
E-7 Radial Stiffness for Angular Contact Bearing, Preload ---
Moderate, g =15~ o6

E-8 Radial Stiffness for Angular Contact Bearing, Preload --
Moderate, 3 = 15°

97




List c¢f lllustrations (continued)

Number Title Page

E-9 Radial Stiffness for Angular Contact Bearing, Preload --
Preferred Heavy, B = 15°__ 98

E-10 Radial Stiffness for Angular Countact Bearing, Preload --
Preferred Hecavy, B = 15° e ————— 99

E-11 Radial Stiffness for Angular Contact Bearing, Preload --

= (s}

Preferred Heavy, g = 15°___ @ __ 100

E-12 Radial Stiffness for Angular Contact Bearing, Preload --
Preferred Heavy, B = 15°_ e Lol

viii




Number

LIST OF TABLES

Description

Sample Case Deep Groove Ball Bearing
Deep Groove Bearing

Angular Contact Bearing_

- o - - - -

Axial Loaded Deep Groove Bearings

-'_-T "‘Q‘?’v‘.wvwrr.- Ty




PRSI PR .

Lty

Symbol

B)
= lineal

(B)

angular

NOMENCLATURE

Description

Semi-major axis of pressure ellipse

Semi-minor axis of pressure ellipse

Total curvature = f_ + f2 -1

1
Damping component, change of force in
i direction due to velo-ity in j direc-

tion; i= x, Y, 23 j =X, ¥y, 2.

Dam,ing matrix

(8, 0 0
RSB 1
nea 0
0 0
(B,
0 0 angular

Damping matrix due to lateral velocities

B B
XX xy

B B
yx YY | lineal

Damping matrix due to angular velocities

B B
XX Xy

B B

yx vy angular

Basic dvnamic capacity
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in.

in.

lb-sec
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in-lbh-cec
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Modulus of elasticity for race
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Ball centrifugal load
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X

Force matrix = Fy

F
z
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Radial load integral

Ball-race stiffness
Stiffness component, change of force in i
direction due to displacement in j
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Stiffness matrix

B 0 7
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(Ky)
0 0 EN angular
- a
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in.
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lbs/in2
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Symbol Description
b Refers to bearing
B Refers to ball
c Refers to centrifugal
i Refers to outer (1 = 1) or

inner (i = 2) race

2 Refers to loaded extent of bearing
max Refers to maximum condition
P Refers to pedestal
q Refers to ball circumferential position
R Refers to race
X Refers to x direction
y Refers to y direction
z Refers to z direction
1 Refers to outer race
2 Refers to inner race
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SECTION I
INTRODUCTION AND SUMMARY

In recent years, the Rotor-Bearing Dynamics Design Technology Series,
AFAPL-TR-65-45 (Parts I through X) has been considered by many engineers 3
to be an important part of their basic analytical tool kit. However,

since the issuance of the first volume, in May of 1965, the state-of-the-
art has significantly advanced. Further, new techniques of data presen-
tation have been developed, computer capabilities have increased and some

minor typographical and technical errors were uncovered.

fPQrt 1V of AFAPL-TR-GS-&S?treated design data for typical deep-groove ’
\énd angular contact beafI;gs. The data was presented in graphical form
and consisted of direct radial stiffness, load carrying capacity, and é
load levels. In addition design guidelines and limitations were discussed. i
The major deficiencies of this original volume were that centrifugal effects
due to high speed were ignored, and axial and angular stiffness informa-

tion were omitted. iy

Subsequent to the publization of Part IV, several extensive treatments of
ball bearings including elastohydrodynamic, trernal, and cage effects have
been published. The computer program of Mauriello, LaGasse, and Jones (3)
considers both elastohydrodynamic and cage effects. The more recent computer
based design guide prepared by Crecelius and Pirvics (4) treats elastohydro-

dynamic, thermal, and cage effects for a system of ball and roller bearings.

Thus very sophisticated analytical tools are available for the design and
application of ball bearings. Neither of these tools, hcwever. provide

the user with the stiffness matrix required for solution of rotor dynamics
problems. In addition both computer programs are very large and require an

extensive computer facility for use.

The present volume is intended as an update of the original Part 1V(1l).

Those aspects of the original Part IV(1l) which freated general design
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; aspects of ball bearings, load capacity, speed limitations, etc. have been
deleted since their coverage is superficial compared to the more sophist?-

cated computer tools now available (3,4). Only those parts directly con-

haat L
1

nected with preparation of input for the rotordynamic response programs

(Volume I of the revised series) have been retained. The complete stiffness
matrix is calculated including centrifugal effects. Considerations such as

elastohydrodynamic and cage effects are not included since they have little

A B

- influence on the calculation of ball bearing stiffness. The resulting

program (Appendix A) is reasonably small and easy to use. Lastly, the stiff-

ness data included in the original Part IV have bez2n updated arnd are included
in Appendices B, C and D.




SECTION I7

ANALYSIS

2.1 General Bearing Model and Coordinate System

Accurate calculation of the lateral dynamic response of a high-speed rotor
depends on realistic characterization of the support bearings. In the most
general case, both linear and angular motions are restrained by the support
bearings at the attachment location. In the analytical model, the reaction
force and the reaction moment of each bearing are felt by the rotor through
a single station of the rotor axis. As schematically illuvstrated in Figure
la, a coil spring restraining the lateral displacement and a torsion spring
which tends to oppose an inclination are attached to the same point of the
rotor axis. A complete description of the cheracteristics of the support
bearings, however, involves much mrre than the specification of the two

spring constants. This is because:

The lateral motion of the rotor axis is concerned with two

displacement components and two inclination components.

The restraining characteristics may include cross coupling

among various displacement/inclination coordinates.

The restraining force/moment may nor be temporally in phase

with the displacement/inclination.

The restraining characteristics of the bearing may be
dependent on either the rotor speed or the frequency of

vibration, or both.

Bearing pedestal compliance may not be negligible.

To accommodate the above considerations, the support bearing characteristics
are described in Reference 2 by a four-degrees-of-freedom impedance matrix as
defined in Equation (1):

ne!

EN s -

N Wy (1)

where EN is a column vector containing elements which are the two lateral

displacements (Gx, 6y) and the two lateral inclinations (Gx. Oy) of the

e

e
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rotor axis at the bearing station N.

Employing a right handed Cartesian representation in a lateral plane as
depicted in Figure 1b, the 2z-axis is coincident with the spin vector of the
rotor. The x-axis is oriented in the direction of the external static load,

and the y-axis is perpendicular to both z and x axes forming the right

handed triad (x, y, 2z). (éx, 6y) are respectively lateral lineal displace- ji
ment components of the rotor axis along the (x, y) directions. (Gx, Gy)

are lateral inclination components respectively in the (z-x, 2-y) planes.
Note that Qx is a rotation about the y-axis, while Qy is a rotatrion about

the negative x-axis.

ZN is a complex (4 x 4 matrix), and in accordance with the common notation

for stiffness and damping coefficients, may be expressed as

ZN = 5N + ivgN (2)

where EN is the stiffness matrix and B, is the dampifg matrix. v is the™

N
frequency of vibration. bMcst commonly, lateral linear and angular displace-
ments do not interact with each other so that the non-vanishing portions of

§N and gN are separate 2 x 2 matrices. That is

(Ky) 0 0
EN lineal
0 0
B % o 0 (3)
(K)
0 0 angular
» ]
(Byy) 0 o
lineal 0
Bv * |o 0 ()
LO c angular |

Accordingly, a total characterization of a support bearing would include

sixteen coefficients which make up the 4 (2 x 2) matrices:

_ XX Xy
(g)lineal - (5)

VX

K
Yy lineal




B B ]
XX xy
(n)lineal - B 3 6)
[V* Y¥]1ineal
-k -
XX Xy
(E)angular ® K K (7) ‘
[_y* yZJangular
B B
XX Xy
(g)angular = B B (8)
yx i angular

In the event that the pedestal compliance is significant, then the effective

support impedance can be calculated from

«+ P =) (9)

where subscripts '"p" and "b" refer to the pedestal and bearing respectively.

Note that both pedestal inertia and damping may te included in ép'

2.2 General Bearing Support Characteristics

The function of a beariug is to restrict the rotor axis to a nominal axis
under realistic static and dynam.:c load environments. Deviation of any
particular point of the rotor axis from the nominal line can be character-
ized by three lineal and two angular displacements. These may be designa-

ted as (6y, dy' §., 8., Qy) in accordance with a right-handed Cartesian

reference system.z Th: z-coordinate is coincident with the reference axis
and 1s directed toward the spin vector. (Bx, Gv) are rotor axis inclina-
tions respectively in the 2-x and z-y planes. The x-coordinate is directed
toward the predominant static load; e.g., earth gravity. 1Ideally, the
bearing would resist the occurrence of any displacement so that the
reaction force system imparted by the bearing to the rotor is generally

expressed in matrix notation as

F o= -z x (10)




F 1s a column vector comprising the five reaction components (Fx. F., F_,

Mx' My)’ while x is the displacement vector (dx, dy, 62, Ox. Oy). Z is a

(5 x 5) matrix containing the elements Z with both indicies (i, j)

1)

ranging from 1 to 5. The values of Zij characterize how rotor displace-

ments are being resisted by the bearing.

From the standpoint of dynamic perturbation, distinction is made between
a static equilibrium component and a dynamic perturbation component for

both the displacements and the reactions. Thus,

- v, = '
X +x's E Fo+E (11)

X
)

x!

x', F') are respectively presumed to be infinitesimal in comparison with
(x , F). Accordingly, Z,. are regarded as dependent on x but not on x'.
Zo’ -0 ij % X

To 1llustrate the idea of perturbation linearization, one may examine the

one-dimensional load-displacement curve shown in Figure 2.

As illustrated, the load-displacement relationship is a 3/2 power law in
accordance with the Hertzian point contact formula. It is not possible
to describe the entire range by a linear approximation. However, if a
small dynamic perturbation is taken around a static equilibrium point,
6'x < Gx , the small segment of the load-displacement curve can be
approximgted by a local tangent line. The corresponding force increment

is
F; = = §' (12)

where 6'x is the incremental displacement. an/adx.will depend on the
amplitude of 6x .

o
The question of history dependence 1is resolved by regarding x' as periodic
motions at any frequency v of interest, and zij accordingly would have
both real and imaginary parts and may also be depende:... on both the rotor

speed w and the vibration frequency v.

To avoid notational clumsiness, the primes will be dropped from (E"i')
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Figure 2 Linearization of Bail Bearing Stiffness




which are understood to be dynamic perturbation quantities unless the sub-

script "0" 1is used to designate the static equilibrium condition.

2.3 Ball Bearing Characterization

In many ways the ball bearing is much simpler to model from a rotor dynamics
point of view than a fluid film bearing. In general, the followirg two

simplifications can be made:

The restraining characteristics do not include cross
coupling among the various displacement/inclination

coordinates.

The restraining force/moment is normally temporally

in phase with the displacement/incliuation.

Figure 3 shows a ball bearing referred to in an orthogonal xyz coordinate
system. The outer ring is fixed but the inner ring may move with respect

to the coordinate system. Both rings are free to rotate about their axes.
“ e .. . - .

Three lineal displacements, Ax’ &v, 52, and twé angular displacements, GX,
9,, are required to define the spétial position and attitude of the inner
ring when it is displaced from its initial pcsition. For purposes of
derivation the initial situation is that existing when the bearing's end
play is just taken up in the thrust direction. Figure 3 shows these

displacements in the positive sense.

Figure 4 shows some important dimensions and establishes the convention

of the bali-position index q. The contact angle 3 is the initial mounted

contact angle and is shown in the positive sense.

2.3.1 Stiffness

The total characterization of a Lall bearing's stiffness can he

expressed “v the natrix at the top of page 12.
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[K] " | 3% 32 3 % (13)
x Ty

aMx 3Mx BMX 3Mx EEE

— —— —

Ix 9y 3z 30 EL)
oM P13} aM oM aM
-y ¥ ¥y Y _XY
Ix dy 9z 30 20

-

The lineal and angular stiffness matrices (Equatlons 5 and 7) can be derived

from Equation (13). For example:

dF oF
X X
Ix 3y
K = 4
(-)lineal AF AF (1 )
Yy _Y
ax y
oM M
X
30 26
(K)angular " M M (15)
4 -y
20 L)
x
4
Note that although the nxial romponents of stiffness are not utilized ‘
by the lateral rotor dynamics program (2), they have been retained
in the general ball bearing stiffness matrix, Equation (13). The
axial stiffness would be required, for example, if the reader was ;
calculating the axial natural frequency of a ball bearing mounted shaft. i
2.3.2 Damping i

There 1is very little data on ball bearing damping. The data included
in Reference 1, which is for nonrotating grease packed bearings,

suggested a value 1In the order of 15-~20 pound sec/in. This should be

12
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used only as an approximate figure since this has not been

confirmed.

2.4 Load-Deflection Relationships

For a given ball-raceway contact, the load deflection relationship is given

by an equation of the form:

P = Ka . Qe).

The total normal approach between two raceways under load separated by a
rolling element is the sum of the approaches between the rolling element

and each raceway. Hence,

A s A, + A aan

and
3/2

1
K = (18)
(1/1<|)2/3 + (1/1(2)2/3

where Kl and K2 are a function of the ball-race geometry and material

properties.

2.5 Ball Bearings Under Radial Load

For a rigidly supported bearing subjected to radial load, the radial
deformation at any rolling element angular position 1s given by

A¢ = 6max cosd -(1/2)PD (19)

in which 6max is the maximum deflection, occurring at ¢ = 0 and PD is the

diametral clearance. Figure 5 illustrates a radial bearing with clearance.

Equation (19) may be rearranged in terms of maximum deformation as follows:

1
b = Amax (1 - 52 (1 - cosd)} 20)

in which

13
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It is clear from Equation (21) that the angular extent of the load zone is

determined by the diametral clearance such that

9, = cos 75 (22 é
max -‘ej

For zero clearance, ¢ = 90

From Equation (16) é

P a. 1372
;ri" - |3 L (23)
max max

Therefore, from Equations (20) and (23)

3/2

P, =P 1 (1 - cosd) (24)

-l

¢ max 2z

For static equilibrium to exist, the applied radial load must equal the sum
of the horizontal (parallel to the load direction) compcnencs of the rolling

element loads:

¢=+n
F, o= ) P, cost (25)
=a
¢=+n 1 3/2
Fx o Pmax 2: 1 - 2 (1 - cos¢ coso (26)
¢o==m

The summation in above equations applies only to the angular extent of the

load zone. Equation (26) can also be written in integral form:

1 éi 1 3/2
F = nP x — 1 - (1 - cosd¢) cosdd¢ 27
X max 2n -6 27
L

15




or
F o= nPoox Ix (%) (23)
in which
I @ = 5 fq) {1 -5 (1 - cos¢)} cos¢de (29)
IS

The radial integral of Equation (29) has been evaluated numerically by

Harris (5) for various values of g.

From Equation (16),

- 3/2 ( 21 3/2
P K A¢=o K \émax 5 PD} (30)
Therefore,
) 1 3/2
Fx = nkK témax -5 PD} JX(C) (31)

For a given bearing with a given clearznce under a given load, Equation (31)

may be solved by trial and error.

For ball bearings under pure radial load and zero clearance, Jx = ,2285,

and it can be shown from Reference 6 that

4.37Fx
Pmax - ncosB- (32)

Accounting for nominal diametral clearance in the bearing, one may use the

following approximation,

SF
p - X (33)
max ncosf .

2.5.1 Approximation to Radial Stiffness

A complete definition of bearing stiffness requires calculation of the

stiffness matrix defined by Equation (13). However, for many

16
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applications, simplifications can be made which permit calculation

of radial stiffness of a ball bearing under radial load alone.

Palmgren (6) gives a series of formulas to calculate bearing deflec-
tion for specific conditions of loading. For slow and moderate
speed deep-groove and angular-contact ball bearings subjected to

radial load which causes only radial deflection, that is Gz = 0,

2/3
-5 Pmax
) = 1.58 x 10 ¥ ——7—— (34)
x 1/3
d cosf
For self-aligning ball bearings,
2/3
_ -5 " max
Gx = 2.53 x 10 /3 (35)
d cosB
For this case the maximum rolling element load has previously been
shown to be
SFx
Pmax ° ncosB 33
Substituting for Pmax in Equacion (34) yields
- 4.62 x 10'5’1=x2/3
& = (36)
X n2/3d1/3c095/38

Transposing, then taking the derivative with respect to x, the stiffness
of the bearing is

1
K = 4.77 x 10%0at/%c0s®/%s6 172 (37)
X X

For self-aligning ball bearings

1/2__5/2
co

&/ 256 1/2
x

K_ = 2.36 x 10%nd
XX

(38)

From Equations (37) and (33) it is apparent that the deflection-stiff-

ness relationship is nonlinear because it is dependent on the square

17
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root of radial deflection. In this respect, a ball bearing is
unlike a simple spring for which deflection is linear with respect

to load.

By substituting for éx in Fquations (37) and (38), bearing stiffness

can be expressed in terms of load as:

Angular Contact Bearings

XX 4 1/3
= 3,247 x 10 F (39)
d1/3n2/3c085/38 X
Self-Aligning Bearings
XX " 4 . 1/3
= 2,028 x 10 F (40)
d1/3n2/3COSS/3B X

These expressions are plotted in Figure 6.

2.6 Bearings Under Thrust Load

Thrust ball bearings subjected to a centric thrust load have the load

distributed equally among the rolling elements. Hence,

Fz
- —_——— /,
P n sing (41)

In Equation (41), R is the contact angle which occurs in the loaded bearing.
For thrust ball bearings whose contact angles are nominally less than Y0
degrees, the contact angle in the loaded bearing is greater than the initial

contact angle B' which occurs in the unloaded bearing.

In the absence of centrifugal loading, the contact angles at inner and
outer raceways are identical; however, they are greater than those in the

unloaded condition. In the unloaded condition, contact angle is defined by

cosg' = 1 - EB— (42)
2Bd :

18




in which PD is the mounted diametral clearance. A thrust load, Fz. applied
to the inner ring as shown by Figure 7 causes an axial deflection 62. This
axial deflection is a component of a normal deflection along the line cof

contact such that from Figure 7

- cosB' _
A Bd (Gogp— - 1) (43)
Since P = KA3/2,
' 3/2
Po= k(aa)/? (C22E ), (44)

Substitution of Equation (41) into Equation (44) yields

Fz cosB' 3/2

= ging (——— - 1) 45)
nK(Bd)3/2 cosB

Since K is a function of the final contact angle, R, Equation (45) must be
solved by trial and error to vyield an exact solution for 8. Jones (7) has

defined an axial deflection constant KZ as follows:

B
z g(+y) + g(-v)

(46)

d cos B
E
to the outer raceway. Jones further indicates that the sum of g(+y) and

in which y = and g(+y) refers to the inner raceway and g(-v) refers

g(-v) remains virtually constant for all contact angles being dependent only

on total curvature B. The axial deflection constant Kz is related to K as

follows:
sz1/2
K = W (47)
Hence:
F; = sing (%%%%i - 1)3/2 (48)
nd Kz

Taking Kz from Reference 7, Ejquation (48) may be solved numerically by the

19
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Figure 7 Angular Contact Ball Bearing Under Thrust Load
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Newton-Raphson method.

The axial deflaction éz corresponding to dmay also be determined from Figure

7 as follows:

§ 5, = (Bd + 1) sin3 - Bd sing’ (49)
4
i
Ei Substituting & from Equation (43) yields
: Bd sin (8-3")
H g = 2d sin (b=p5 )
§ ‘2z cosB (30)
£
3
o 2.6.1 Approximation to Axial Stiffness
% From examination of Figure 7, the following approximation can be made:
: A - 62 sirg (51)
f Substituting for 2 in Equation (16) gives
)
2/3
: 1 P
: § v e —— (52)
: z K2/3 sing

gt

Using the Jones (7) axial deflection parameter, Equation (52) becomes

'z 5 o
i I YEINVE) (53)
K d sinf
z
A similar approximation was arrived at by Palmgren (8). Suggested

values for axial deflection under pure axial load are:

Angular-Contact Bearings

/
p2/3

-5 max
5 = 1.58 x 10 —_— (54)
z dl/3sin8

Self-Aligning Ball Bearings

P2/3

-5 max
) = 2,53 x 10 (55)
z dl/BsinB




Thrust Ball Bearings

P2./3

£ = 1.9 x107° — DX (56)

z d /3sin8

The corresponding stiffnesses are:

Angular-Contact Bearings

Y

K
z2 4 _1/3
= 9.5 %x 10 F (57)
d1/3n2/3sin5/38 z : : :

Self-Aligning Ball Bearings

K
z2 4 .1/3
5.9 x 10 F (=8)
d1/3n2/351n5/38 z
Thrust Ball Bearings
K
22 4 -1/3
= 7.9 x10" F (59)
d1/3n2/3sin5/38 z

These relationships are plotted in Figure 8 “or the three types of

bearinge.

2.7 Ball Bearings Under Combined Loading

Except for ball bearings under simple radial or thrust load, treated
previously, there are very few solutions for bearing stiffness that can

be evaluated by simple hand computation.

When a ball bearing operates at high speed, the body forces resulting from
the ball's motion become significan. and must be considered in any analysis.

Figure 9 shows the forces and moments acting on the jth

ball in a high-speed
ball bearing. The operating contact angle at the outer contact is less than

that on the inner because of the body forces. Subscript 1 refers to an

outer contact and subscript 2 to an inner.
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In Figure 10 the hall center 1s fixed in the plane of the paper. The ball

Vg
. _&muummm.zﬂ

rotates with the angular velccity wp directed at the angle a. . race

rotates about the bearing axis with the angular velocity Wi i ",2 relative

to the retainer. For the linear velocity of race and ball to be equal at a

e TV N

contact, the following relation must be satisfied:

' 3

i = Ciﬁ (1 + Ciyi)u)i 60) 3

B dcos(si-u) ifé

fi

where C, = 1 and C, = -1 i
- dcosil .

For the ith race to be stationary, the ball must orbit with the angular

velocity :E such that

(62)

With stationary outer race and rotating inner, the actual angular velocity of the

0 i e e vk i i R bk R L L i

inner race is

i
Q = m2+QE = Wy Ty (63) 4
]
g
For rotating outer and stationary inner, the actual angular velocity of the j
outer is §
T e P A 7wyt ey (64)
From Equation (60), ;
i
wy o (l—Yz)cos(Bl-a) ] :%
W, (1+Yl)cos(82-a) (65) 3
considering that both races may rotate there results: ;?
9. - 5 - ;

. (“1 22)(1 Yz)cos(.%1 a) 6) 5
' +Y, - - - i
1 (1 Yllcos(Bz a)+(1 yz)cos(B1 a) 3

26
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(Ql-QZ)(1+Yl)cos(82-a)
wp 7T (1+Y1)COS(Bz‘a)+(1'Y2)COS(81'0)

(67)

E'{(Ql-ﬂz)(l+vl)(1-Y2))

“8 " d((i+y,)c08 (B,-a) +(1v,)cos (B -a)) e8)

Ql(1+Yl)cos(62-a)+Q2(I-Yz)cos(Bl-a)
E (1+Y1)C08(Bz-a)+(l—72)cos(61~a)

D
L]

(69)

For an arbitrary choice of a there will be a spin of the ball relative to a
race about the normal at the center of the contact area. This {s illustra-
ted in Figure 11.

From Figure 10,

wg = Ci{-wisinﬁi + W

sin(B -a)} (70)
{ i

B
The controlling race hypothesis assumes that all spin occurs at one contact
while no spin occurs at the other. The contact at which no spin exists is
called the controlling race. Lightly-loaded bearings may depart somewhat

from this situation.

1f wgy 1s made zero and Equation (70) solved for a, there results for

outer race control:

8inB. cos3
a = tan-l ———El-———l‘ (71)
cos RB,+y
11
and for 1inner race control:
sinB. cosB
a = tan L _Tz___g (72)
cos 82-Y2

The existence of a particular type of control depends on the relative torques

required to produce spgin at the two contacts.

The torque required to producce spin is:
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3uP a E(e)

Q = e (73)
Q = spin torque, lb-in

P = contact load, lbs.

u = coefficient of sliding friction

a = gemi-major axis of pressure ellipse, in.

E(e) = complete elliptic integral of the second kind

formed with the modulus sine where cose = b/a,
b being the semi-minor axis of the ellipse

Figure 12 shows a ball acted on by the spin torque vectors Ql and QZ' Oufer
race control will exist if Ql projected on Q2 is greater than QZ' Inner

race control will exist if Q2 projected on Ql is greater than Ql'

Figure 13 shows the relative positions of ball and race curvature centers
before and after the application of the five displacements, éx, éy, 62,
Qx, and Gy. The outer race curvature center is fixed. The inner race

curvature center has moved to (Al’A2) and the ball center to (xl’XZ)'

Ay = Bdsin® + &+ 4" 4 R[(Gx +0!) sing + (9y + gy)cosﬂ (74)
P
- X1} 4 H — e
A, = BdcosB + (6 + 51) cosi + ((Sy + éy) sing — 3 (75)
B o= f, +f, -1 (76)
R =E/2 + (f2 - .5) dcosB (77)

PD = diametral clearance, in.

6; = 1initial displacement along x, in.

§' = 1{nitial displacement along y, in.

y
6; = 1initial displacement along z, in.
9; = initial misalignment about x, rad.

9; = 1initial misalignment about y, rad.

For the forces and moments acting on the ball to be in equilibrium, the

following must he satisfied:

PlsinB1 - stinsz - %? {XcosBl-(l-x)cosez} = 0 (78)

30




SPIN TORQUE VECTOR, Q,

SPIN TORQUE VECTOR, Q,

Figure 12 Spin Torque Vectors
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PlcosB - chose + = {XsinB1 (1- A)sinB } - F =0 (79)

where A is 1 for outer race control and 0 for inner race control and

2 ]
FC M QE E /2 (30)
M = IP QE wg sina (81)

E' = Operating Pitch Diameter, in.

E + 2X2 - (f1 -~ .5)dcosB (82)

From Figure 13

18
Bl tan —x; (33)
82 = tan.1 il_z; (84)
2

Al and A2 are the elastic approaches of ball and raceways at the contacts

by = %+ %%

2,1/2 (£, - .5)d > 0 (85)

2 2. 1/2
b, = {(a - X) + (&) = X)7} - (f, - .5d > 0 (86)

The contact loads are related to the elastic approaches through

3/2

P, = K, & (87)
where 1/2
11.84771 [- E(ey)d
K, = (88)
i (n, + n_)cose 3 2C,v
R B oMk (6 - 1/8, - —2-1
1 1~ I+C.y
4(1 sz)
ng = 5 (89)
R
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—_ (90)

ER and EB are moduli of elasticity for race and ball.

VR and vB are Polsson's Ratios for race and ball.

K(e) and E(e) are the complete elliptic integrals of the first and second

kind having the modulus sine.

(91)

bi and a, are the semi-minor and semi-major axes c¢f the pressure ellipse

£ is related to the contact geometry through

R (l-cosri)E(ei)

ot ey T 2(K(e) - ECe.)) (92)
i i
2
1 2C;vy
coss i fi 1+Ciyi
1 2C.y (93)
PR S S
fi 1+Ciyi

Equations (78) and (79) are a set of nonlinear, simultancous equations. When
the relative ring displacements are held constant, the variables in Equations
(78) and (79) are X1 and X2' These are evaluated numerically.

The reactions of the bearing on the shaft are

n 2(1-xi)Mg_
Flo= ) [p2 cosB, +-——=2 =1 sing, ] coss, (94)
i=] i i i
§ : Z(I-Xi)Mg‘
F! = P, cosB, + ——y——= sinB, ] sinp, (95)
A TR d “q 1
E : z(l-XL)MRi
F' = P, sinB, - -————-——cosB, ] (96)
z =1 4 d "1

b, et it
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&

Z(I-Ai)Mg

n
v - - __________! -
M ) [RPZ sin82 3 (RcosB2 f2d)]sin¢i (97)
i=1 i i, - i
. 200 M
My = 121 [RPzisinszi - ————E———-——-(Rcose21 - fzd)]cos¢i (98)

Then the equilibrium of external forces

L Fy

it Fi} = 0 (99)
lex,y,2

Fx = external load along x, 1lbs.
Fy = external load along y, 1lbs.

Fz = external load along z, lbs.

Equation (99) is a set of three non-linear simultaneous equations in which
the variables are Gx’ éy and 62. They are solved numerically in Appendix A

using Newton-Raphson 1iteration.

1f 61 are current estimates of the three displacements, improved estimates
are m-1
-1
6, = 6, -[K] r (100)
m m-1 13 J m-1
where{rj are the residues of Equation (99) evaluated at current estinates of
m-1
61.

The elements K1j of the coefficient matrix are the partial derivatives of the

bearing's reactions with respect to the displacements 6i and comprise the

stiffness matrix, Equation (13).

The elements Ki of the stiffness matrix, Equation (13), form the data input

3

for the rotordynamic response computer program described in Reference 2.




T T

SECTION III
APPLICATION OF COMPUTER PROGRAM

[ hitahe

Lada

The analysis of Section 2.0 has been programmed in Fortran IV for a

digital computer and is suitable for use on the CDC 6600. A program list-

ERLANLL, (i

ing is presented in Appendix A.

3.1 Input Format :lf

Instructions for preparation of the input cards are included as comment

R LT s il anial

cards in the program listing in Appendix A. To illustrate a tvpical case

€

consider the bearing in Table 1.

SAMPLE CASE
DEEP GROOVE BALL BEARING

ey e

T ey

Number of Balis

Ball Diameter

Pitch Diameter
Contact Angle
Quter-race Curvature
Inner-race Curvature
Poisson's Ratio
Modulus of Elasticity
Ball Density

RPM of Inner Race
RPM of OQuter Race
Radial Load

Axial Load

Figure 14 shows a printout of input for this case.

9
.1875 inches
.9252 inches

0°
.530 _
.516 '
.25

29 x 106 1b/in.

0.283 1b/4n.>

1000 rpm

0 rpm !
1000 _1ibs,

0 1bs.
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3.2 Output Format

Figure 15 shows the output format for the sample case of Tahble 1. The
output data includes the internal load distribution and various other

stress and dynamic parameters,

The last section of data provides the complete stiffness matrix.
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T VL S TP TSRO vons |10, Y 10 s WSUNPI PPLaspr SRty L

ot e as by AT ol B ot

ERU g | L

s

y#

38




= e

F.r'rr‘n-——— A ESET O T A TR Y Ty T

m/ wa|qoad I|dwes 404 ejeqg Inding Gl 34nbLy
3
[« 4 Nij®
“0+4i0T6°1 N0-0S2Ze°% 83+898E° 0- cars*o L] [ Ade
Qvs/Nle@1 QUy/NIes xM\z.oMJ NI/NTed) NI/NIeQ?
@ AWWQ/Ana XIv0/7AN0 G/Au AQ/Zaw0 x0/an0
] v0-E902°§ £0e5TL46°2 $3-SE71°9- ngaseg 000Gy
re iy CY¥/NIe@Y QUR/NIe8Y NI/Wle2) NI/NTeRY NI/NIe@)
ﬂ >4 AWVQ /7 X80 XA /XN0 20/%Xu0 AQ/XNO X0/7%n0
1 W 0+ 8905°0~  00-TTE0°F- S0e£9C2°1 [+ Lol ] nooce s
B ch;a LTI NIsQY NIz Nisze
Atvarsz 50 xIWQ/230 2072 30 AC/230 x07240
"
-~ 0000°0 0200°0 000L°C  $0+12L6°6  SC-9288°F-
nm ave/ey avy/ey NIzaY NY/Z31 %1/8Y
AVG7 A0 XIvQ/A 30 2074 30 407430 x074330
0006°0 coco*d CODL®D  £D-32R3 8- SUe6Ll6°L
avys9v -m\MJ zv\ma NI[7@2 :w\na
AVWd/140 x1vd /x40 20/x 30 A0/v4a x07x40
SININIIVI4SIO Of L133aS3y HLIM SNOTLIYIY 40 SIAILvwalplQ WWliuve
aomu.c 0000°0 aomo.a oowo.o §0-20990°1~ 95090°0 00CQ3°0 £373°0 $0-94u%i°§  E0.0Q0C°t-
SNY a«c SHYIQVY n N NI Nle@ T3 h 81 87 el
A LNOGY X w:ooq 2 QoW A ONOTY X 9N3Y A LNo9v x LNogv 2 MoV A 9NOV X 9NOIY
43100 Oy 133453y H1Im wINNI 90 1NIHIIVIESIQ WV10)L L3YMS NO ONIP¥IE 340 SNOILDVIH
0000°3 m .nnno.m mcoo—on.na BINNI 20~-2064°S 20-2L21°¢C 890-9358°w NG-8504°0  SD.RRTE2Z ann3ea L
. 1 17% Qe0825°2~ yINN -9:5)° 20-£053°9 %0-4825°9 NG-See2%6  SQeDIOC*w BuNI*C 9
m M m .*Muo.m noooqpm.wa ] zz* ~a-opm~.— mw-nom *9 .,-mmmn.o wi-Su62°6 wm.anso.. Acpyes S
o u o . £00 9892~ YINN 20-2%6L°S -l u.n »3< z-... .o-.mua.. ma.amwo.~ amuu.a .
® "] o q d
»xm:nx »;.umnu: .puuuaua W0HINOD B3INNT 43100 WINNT £31n0 aw¢z~ FEIGL PELLLL)
3140250849 vi10¥0 IYNOILVION 40 3eAd Nva O/% NO0I 13371430 1IVINQD $SIULS INISSINANOI NVIwW Jwve
- . - L 4 - . - - . . . . R et NeN)in" L
B R G B S SR mER s maan e
-980 - - - - 3 . . «'e . e pRLIY .
mw-“w-u.m mwcm-~.. m o-*..— mw--.m. ~m-oomp.o %0900 000C°0 2hetlL T ~o.~m-.q Pt A | »
Ja auzn -u— ¢:xz zup:a cwum~ uwwno wnz_ cmu:o “ wmm~¢ NN
] -
Jquawncmxuu x»mu: vayy -ucp:uw x-w:ur VISV 1IVINOD 31987 1DV NOD 0v0Y 1JviNG)D Ive Ivs
T *ON 9NI4v3IA T *ON NNY 303 vivO LA4LINO

39




ST i L L e i e e B e e e : :
A - s - TR s e el S rtem ey e e - e 52

SECTION IV
DESIGN DATA

Three separate sets of design charts were included in the criginal Part IV

report. These were:
a. Pure Radial Lo: od Bearings (Deep Groove) Contact Angle

g = 0°

\

b. Pure Thrust Loaded Bearings (Deep Groove) Contact Angle
o ' : : - .
g'= 0

Angular Contact Bearings with Axial Preload and Applied

Radial Load 8' = 25°, 15°

As a check of these design charts shows some differences between the
original program prediction and the present program prediction, the design

charts have been recalculated 2nd are shown in Appendices B, C, and D.

Table 2 describes the dimensions and symbols used for the deep-grooved
ball bearings. Table 3 contalns information pertaining to the angular

contact bearings. These bearings are identical to those studied previously

in Reference 1.

4.1 Radial Stiffness Versus Radial Load

The first set of three charts (Appendix B) contains graphs of radial

stiffness versus radial leoad. Load levels are indicated on the curves.

The effects of bearing size and race curvatures are illustrated by these

four charts. 1In general, a bearing with curvatures of f1 = .5130,

f, = .516 is stiffer than the same bearing operating with curvatures of

2
fl = f2 = ,570, for the same radial lcad. Radial stiffness is higher
for a bearing with a larger bore diameter and/or a greater number of balls.

Note, for pure radial load, the linear relationship between lcg Kvy and

log Fy. This was previously 1llustrated ir Figure 6.
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4,2 Axial Stiffness Versus Thrust Load

The second set of eight charts (Appendix C) contains graphs of axial stiff-
ness and axial deflection versus axial thrust applied load, Load levels

are tabulated in Table 4 for bearings undergoing a pure thrust load.

A gimilar observation as given above for radially loaded bearings, can be

made for the thrust loaded bearing, i.e., a bearing operating with curva-
tures of f1 s ,530, fz = ,516, is stiffer than the same bearing operating é
with curvatures of fl - f2 = ,570 for the same axial load. For all .
practical purposes, however, an average curve may be drawn for axial stiff-

ness versus axial load for all bearing sizes. In practicular, the bearing

with the smaller bore and less balls is less stiff at light loads and more

stiff at heavy loads as compared to the larger bore bearing. There is an

approximate linear relationship between log Kzz and log Fz (also see

Figure 8).

4.3 Radial Stiffness Vergus Radiag] Load with Preload

The third set of (24) charts (Appendix D) contailn praphs of radial stiffness
versus radial load with preload. Load levels are indicated on the curves. The
effects of bearing size, race curvatures, initial contact angle. and axial
preload are illustrated by these 24 charts. For the same radial load and

axial preload, a bearing operating with curvatures of f1 = 530, f, = .516,

2
is stiffer than the same bearing operating with curvatures of f, = f_ =

.570. The radial stiffness level 1s higher for a bearing withla laiger
bore diameter and/or a greater number of balls, and the smaller initial
contact angle, (8' = 150). In general, the radial stifiness v8. radial load
curve for an angular contact bearing is composed of three different behav-
ing regions. OUne region shows the stiffness to be constant with varving
radial load. (This is the light radial load region.) The middle, or
moderate radial load region shows a minimum value for radial stiffness.
The heavily radial loaded region shows a linear relationship between log
Kxx and log Fx. This third region {s similar in behavior to that of the
characteristics of a pure radial loaded deep grooved bearing. The basic
cause for this curve having three separate regions 1s due to the axial

preload. 1In region one, the axial preload has a great effect in holding

the radial stiffness constant. In region two, where the applied radial

43
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TABLE 4

AXIAL LOADED DEEP GROOVE BEARINGS

Table of approximate load values corresponding to C/P = S and C/P = 10 load levels.

Bearing Symbol Load (1lb)
C/P =35 C/P =10
Al .. 290 100
Bl 600 250
Cl1 1100 450
D1 2250 950
El 3650 1500
A2 70 30
B2 175 75
c2 300 100
D2 550 250
E2 950 350
AAl 380 155
BBl 800 300
CCl 1550 650
DD1 3000 1250
EEl 5050 2100
AA2 95 50
BB2 200 100
CC2 400 200
DD2 1500 350
: LE2 2550 700
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load becomes equal in magnitude to cthe axial preload the radial stiff-
ness tends to dJdecrease with increasing applied radial load to a minimum
value. In the third region, the axial preload has little or no effect,
and the angular contact bearing reflects the behavior of a pure radially

loaded bearing i.e., a linear log Kxx versus log Fx relationship.

Thus another point one iQ led to observe is thé role of axial preload
magnitude on the three regions of a typlcal stiffness versus load curve.
Three different preloads are represented in these charts and are tabulated
in Table 3. These preloads are given the names selected light moderate,
and preferred heavy. The effect of increased preload is to increase the
region one load range and decrease region three load range. Thus. the
ultimate is a constant radial stiffness with varying radial load obtained
with an infinite preload. The increased preload also has the effect of
increasing the level of stiifness in regions nne and two. However. it
should be noted particularly that the level of stiffness in region three,
for the same radial load. is the same for all preload values. This, as
mentioned above, 1is because the axial preload effect is relieved entirely
above a certain (radial load) (axial preload) ratio. (Approximately Fx/

F =3 for 8' = 25° and F./F = 4 for 8' = 15°.)
z X 2z

In general, the light and extra light deep grooved ball bearings examined
here will have a radial stifiness ranging from 105 to 2 x 106 for radial
loads of from 10 to 2,000 1lbs. The angular contact bearings will have
radial stiffness values from 2 x ]OS to 2 x 106 for radial loads of from
10 to 2,000 1lbs. The deep grooved ball bearings will have an axial stiff-
ness per bearing of from 2 x ]04 to 4 x 106 for thrust loads of from 10 to
104 1bs. As in the case of the preloaded radial bearing, preloading will

increase these values of axial stiffness.
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APPENDIX A

COMPUTER PROGRAM FOR CALCULATING THE
STIFFNESS MATRIX OF A BALL BEARING
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